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Github: https://github.com/JuliaReach/SetPropagation-FEM-JuliaCon21
Forets, M., & Caporale, D. F. (2022, June). Computing Reachable Sets of Semi-Discrete Solid Dynamics Equations with ReachabilityAnalysis.jl. 
In Proceedings of the JuliaCon Conferences (Vol. 1, No. 1, p. 95).

Ejemplo

Sistema masa-resorte acoplado
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Pequeña perturbación de las CI
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Mayor perturbación de las CI
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Reachability is a numerical method to reason about uncertainty in 
the sets of states reachable by dynamical systems.

¿Cómo capturar todos los comportamientos admisibles? 
Propagar conjuntos en vez de puntos >> Reachability analysis

Initial states Admissible parameters Admissible inputs



Ejemplo

J. Perez Zerpa, M. Forets, and D. F. Caporale. "Computing Reachable Sets of Semi-Discrete Solid Dynamics Equations with ReachabilityAnalysis. jl." In 
Proceedings of the JuliaCon Conferences, vol. 1, no. 1, p. 95. 2022.



¿Para qué sirve? Caso de uso: verificación algorítmica

Reachability analysis: 
studying the set of                  
all possible behaviors, 
computing with sets 
instead of scalars

Unsafe states

Flowpipe 
overapproximation

Initial states



¿Para qué sirve? Caso de uso: verificación algorítmica

Is there a trajectory such that 
the solution enters the 
unsafe set within the given 
time bound?

Unsafe states

Empty intersection = 
algorithmic proof that the 

system is safe



¿Para qué sirve?

- Formal verification.

- Controller synthesis.

Gray, Ander, Marcelo Forets, Christian Schilling, Scott Ferson, and Luis Benet. "Verified propagation of imprecise probabilities in non-linear ODEs." 
International Journal of Approximate Reasoning 164 (2024): 109044.



¿Para qué sirve?

- Formal verification.

- Controller synthesis.

- Computation of invariant sets and 
regions of attraction.

Marcelo Forets, Christian Schillin, Luis Benet et al. ReachabilityAnalysis.jl (2024)



¿Para qué sirve?

- Formal verification.

- Controller synthesis.

- Computation of invariant sets and
          regions of attraction.

- Robust control.

Althoff, Matthias, Goran Frehse, and Antoine Girard. "Set propagation techniques for reachability analysis." Annual Review of Control, Robotics, and 
Autonomous Systems 4, no. 1 (2021): 369-395.

Provably safe human-robot interaction



¿Para qué sirve?

- Formal verification.

- Controller synthesis.

- Computation of invariant sets and
          regions of attraction.

- Robust control.

- Fault detection.

- Conformance checking.

- . . .
Althoff, Matthias, Goran Frehse, and Antoine Girard. "Set propagation techniques for reachability analysis." Annual Review of Control, Robotics, and 
Autonomous Systems 4, no. 1 (2021): 369-395.

Guaranteeing safety in autonomous 
systems.



Forets, M. and Schilling, C., 2022, June. Conservative time discretization: a comparative study. In International Conference on Integrated Formal 
Methods (pp. 149-167). Cham: Springer International Publishing.

Idea de Set Propagation

- Reducir la ODE cont. a un sistema 
de ecuaciones en recurrencias 
entre conjuntos de R^n.

- Resolviendo dicho sistema obtengo 
una sobre-aproximación del 
flowpipe exacto representada por 
la unión de las soluciones.

- Se demuestra convergencia 
empleando la distancia de 
Hausdorff.



Operaciones básicas

Envolvente convexa (Convex Hull, CH)



Operaciones básicas

Transformación lineal



Operaciones básicas

Suma de Minkowski



Representaciones



Zoo de Representaciones

Althoff, Matthias, Goran Frehse, and Antoine Girard. "Set propagation techniques for reachability analysis." Annual Review of Control, Robotics, and 
Autonomous Systems 4, no. 1 (2021): 369-395.



Zoo de operaciones

Forets, Marcelo, and Christian Schilling. "LazySets.jl: Scalable Symbolic-Numeric Set 
Computations." Proceedings of JuliaCon 1 (2021): 1.



The JuliaReach open-source project

To advance state-of-the-art 
working on fundamental 
problems

To build comprehensive, 
efficient, correct, 
reproducible, well 
documented libraries

To widen the applicability of 
reachability analysis for 
scientists & engineers

https://github.com/JuliaReach/



Intervals and Hyperrectangles (convex)

Eficiente

Poca expresividad

Efecto de wrapping



Polytopes and polyhedra (convex)

Dualidad H-rep y V-rep:

Interseccion en H-rep

Linear map en V-rep



Zonotopes (convex)

Cerrada bajo linear map y mink. sum 

Admite rep. comp. eficiente

No es cerrada bajo intersección



Costo computacional



Support functions (convex, lazy)



Support functions (convex, lazy)



Support functions (convex, lazy)

Muy eficiente al ser lazy

Adaptable (template polyhedra)



Representación computacional



Reachability para sistemas lineales
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Reachability para sistemas lineales

Idea: encontrar                      tal que Sk contiene a 
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Idea: encontrar                      tal que Sk contiene a 

Solución: existen varios esquemas de 
 Discretización temporal conservativa [1]

[1] Forets, Marcelo, and Christian Schilling. "Conservative time discretization: a comparative study." In International Conference on Integrated Formal 
Methods, pp. 149-167. Cham: Springer International Publishing, 2022.
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Reachability para sistemas lineales

Resultado:



Resumen

Forets, Marcelo, and Christian Schilling. "Conservative time discretization: a comparative study." In International Conference on Integrated Formal 
Methods, pp. 149-167. Cham: Springer International Publishing, 2022.



Reachability for linear systems = Conservative Discretization + Set propagagtion



Propagación de conjuntos (set propagation)



Sin embargo …

- Dicho esquema tiene un gran problema: la representación se hace cada vez más 
compleja para cada paso de tiempo! 



Sin embargo …

- Dicho esquema tiene un gran problema: la representación se hace cada vez más 
compleja para cada paso de tiempo! 

- Idea: aplicar una reducción en cada paso de tiempo:

- Voy de O(N^2) en espacio y tiempo a O(N).



Sin embargo …

- Problema nuevo: efecto de wrapping!



Sin embargo …

- Problema nuevo: efecto de wrapping!
- Si bien el nuevo esquema es O(N), resulta demasiado conservador.

- Solución: reorganizar las recurrencias para que la transformación lineal no arrastre el 
efecto de wrapping.



Forets, Marcelo, Daniel Freire Caporale, and Jorge M. Pérez Zerpa. "Combining set propagation with finite element methods for time integration in transient 
solid mechanics problems." Computers & Structures 259 (2022): 106699.
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Combinando reachability y FEM

Forets, Marcelo, Daniel Freire Caporale, and Jorge M. Pérez Zerpa. "Combining set propagation with finite element methods for time integration in transient 
solid mechanics problems." Computers & Structures 259 (2022): 106699.

Problemas de transferencia de calor::

Problemas de dinámica de sólidos:



Combinando reachability y FEM
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Ejemplo: transferencia de calor 1D

Forets, Marcelo, Daniel Freire Caporale, and Jorge M. Pérez Zerpa. "Combining set propagation with finite element methods for time integration in transient 
solid mechanics problems." Computers & Structures 259 (2022): 106699.



Ejemplo: transferencia de calor 1D



Ejemplo: transferencia de calor 1D



Ejemplo: transferencia de calor 1D

Forets, Marcelo, Daniel Freire Caporale, and Jorge M. Pérez Zerpa. "Combining set propagation with finite element methods for time integration in transient 
solid mechanics problems." Computers & Structures 259 (2022): 106699.



Ejemplo: propagación de ondas 2D 

2235 linear 
triangular 
elements

1180 nodes

Forets, Marcelo, Daniel Freire Caporale, and Jorge M. Pérez Zerpa. "Combining set propagation with finite element methods for time integration in transient 
solid mechanics problems." Computers & Structures 259 (2022): 106699.



Ejemplo

The initial set is propagated exponentially faster than using 
simulations over randomly sampled initial states

Forets, Marcelo, Daniel Freire Caporale, and Jorge M. Pérez Zerpa. "Combining set propagation with finite element methods for time integration in transient 
solid mechanics problems." Computers & Structures 259 (2022): 106699.



Ejemplo

The sequence of sets obtained (flowpipe) converges to the exact 
reachable states when the time-step decreases

Forets, Marcelo, Daniel Freire Caporale, and Jorge M. Pérez Zerpa. "Combining set propagation with finite element methods for time integration in transient 
solid mechanics problems." Computers & Structures 259 (2022): 106699.



Reachability para sistemas no lineales

Lorenz systemVan der pol system

Set-based approaches are classified into: invariant generation, optimization 
based-approaches, solution-space abstractions, and state-space abstractions.



Ejemplo

Logistic equation (population dynamics)



Ejemplo



Ejemplo

Example:
Taylor model reach-set at the final 
computed interval 



Polynomial zonotopes (non-convex)



Polynomial zonotopes (non-convex)



Reachability mediante abstracción en el espacio de estados

Ver Kochdumper, N., 2022. Extensions of polynomial zonotopes and their application to verification of cyber-physical systems (Doctoral 
dissertation, Technische Universität München).
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